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Motivation of synthetic controls: causal inference with

panel data

A common scenario:
@ Intervention on a single unit (e.g., country, state, hospital, etc.)
@ Observe time series data of the treated unit and some untreated units

@ How to estimate the causal effect of this intervention?
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Motivation of synthetic controls: causal inference with

panel data

A common scenario:
@ Intervention on a single unit (e.g., country, state, hospital, etc.)
@ Observe time series data of the treated unit and some untreated units

@ How to estimate the causal effect of this intervention?
Example:

@ PCV10 vaccine introduced to Brazil in 2010

@ What is the effect of this intervention on hospitalization due to
all-cause pneumonia in Brazil?

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023
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Motivation of synthetic controls: causal inference with

panel data

Notable challenges compared to iid setting:
@ Lack of randomization in treatment assignment
@ among units
@ across time periods
@ Serial correlation
e within units

e potentially across units

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Idea behind classical synthetic controls

Some notations:

@ Total number of time periods: T

@ Intervention time: Ty

@ Unit index: treated= 0; control=1,..., N
@ Outcome of unit i at time t: Y;;

@ Counterfactual outcome of treated unit corresponding to treatment
and control: Y:g(1) and Y;0(0)

o Causal estimand (ATT): ¢*(t) := E[Y¢0(1) — Yt0(0)] at t > To

@ Main challenge: learn about Y;(0) for t > Ty

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Idea behind Abadie’s classical synthetic controls

Intuition:

@ Impute Y;o(0) with control units’ contemporary outcomes Y; ;
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Idea behind Abadie’s classical synthetic controls

Intuition:

@ Impute Y;o(0) with control units’ contemporary outcomes Y; ;

e Consider this linear latent factor model [Abadie and Gardeazabal,
2003, Abadie et al., 2010, 2015]

Yi0(0) = UtTao + €0
Yii=Ulai+ e

Us: time-varying latent factor (confounder)
«j: unit-specific coefficient
€¢,j1 exogenous zero-mean random noise
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Idea behind Abadie’s classical synthetic controls

Intuition:
@ Impute Y;o(0) with control units’ contemporary outcomes Y; ;

e Consider this linear latent factor model [Abadie and Gardeazabal,
2003, Abadie et al., 2010, 2015]

Yi0(0) = UtTao + €0
Yii=Ulai+ e

Us: time-varying latent factor (confounder)
«j: unit-specific coefficient
€¢,i; €xogenous zero-mean random noise
o Under this model, E[Y;0(0)] = =¥ ; w;E [Y4.] for weights w; such
that ap = I wiay.

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Abadie’s synthetic controls in a nutshell

@ Find the weights by fitting treated unit's pre-treatment trajectory:

2

To N
W = argmin Z Yio — Z w; Yt,i
W=t i=1
synthetic cnotrol

(may impose constraint/regularization w; > 0, >N, w; = 1)
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Abadie’s synthetic controls in a nutshell

@ Find the weights by fitting treated unit's pre-treatment trajectory:

2

To N
W = argmin g Yio — g w; Yt,i
w .
t=1 i=1

———
synthetic cnotrol

(may impose constraint/regularization w; > 0, >N, w; = 1)

o Estimate the ATT ¢*(t) with Yio — SN W; Yy (t > To)

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Proximal synthetic controls

@ Linear latent factor model might be too strong.

@ Many other ways to form a synthetic control have been proposed, but
most still assume a linear model.

@ A notable exception: based on proximal causal inference, Shi et al.
[2021] proposed a method allowing for nonlinear models

What is proximal causal inference in the iid setting?
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Proximal synthetic controls

@ Linear latent factor model might be too strong.

@ Many other ways to form a synthetic control have been proposed, but
most still assume a linear model.

@ A notable exception: based on proximal causal inference, Shi et al.
[2021] proposed a method allowing for nonlinear models

What is proximal causal inference in the iid setting?

@ Some degree of unmeasured confounding allowed
@ Provided that two proxies of unmeasured confounder are observed

@ One proxy can be related to treatment; the other can be related to
outcome

@ How are these related to synthetic controls?

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Proximal synthetic controls

@ Split control units into two groups: donors (outcomes denoted by W)
and non-donor control units (outcomes denoted by Z)?

o W defines set of proxies to model Y'(0)
o Z defines set of proxies to identify representation of Y(0) based on W

e Key assumption 1: Z; 1L (Yy, W;) | Us (implied by linear latent factor
model)

1From now on, | use Y to denote treated unit’s outcome

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Proximal synthetic controls

@ Key assumption 2: there exists an outcome confounding bridge
function h* such that E[Y:(0) | U] = E[h*(W;) | Uy

@ h* is linear under a linear latent factor model
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Proximal synthetic controls

@ Key assumption 2: there exists an outcome confounding bridge
function h* such that E[Y:(0) | U] = E[h*(W;) | Uy

@ h* is linear under a linear latent factor model

@ Shi et al. [2021] showed that
1. ¢*(t) := E[Y:(1) — Y:(0)] = E[Y: — h*(W,)] for t > To;
2. h* satisfies E[Y; — h*(W;) | Z:] = 0 for t < T.
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Proximal synthetic controls

@ Key assumption 2: there exists an outcome confounding bridge
function h* such that E[Y:(0) | U] = E[h*(W;) | Uy

@ h* is linear under a linear latent factor model

Shi et al. [2021] showed that
1. ¢*(t) := E[Y:(1) — Y:(0)] = E[Y: — h*(W,)] for t > To;
2. h* satisfies E[Y; — h*(W;) | Z:] = 0 for t < T.

e Estimation based on generalized method of moments (GMM).

Key contribution: h* can be flexibly modeled and need not be linear.

However, h* must be correctly specified.

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023
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Intuition: connect to “usual ATT"

Consider this (over) simplification to the setting of iid “individuals”:
@ Regard each time t (not unit i!!!) as the index for “individuals”
e At time t, regard control units’ outcomes as covariates/proxies for
“individual” t
@ A::=1(t > Tp) is treatment indicator for “individual” t

@ Suppose that individuals are iid (so ¢*(t) = ¢* is constant)

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Intuition: connect to “usual ATT"

Consider this (over) simplification to the setting of iid “individuals”:
@ Regard each time t (not unit i!!!) as the index for “individuals”
e At time t, regard control units’ outcomes as covariates/proxies for
“individual” t
@ A::=1(t > Tp) is treatment indicator for “individual” t

@ Suppose that individuals are iid (so ¢*(t) = ¢* is constant)

Under these simplifications, ¢*(t) is the “usual ATT" in iid settings.

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Intuition: connect to “usual ATT"

Cui et al. [2020] showed that the influence function of the “usual ATT" is

At Y:
PI'(At = 1)

oY) r (W) -
—(1-A)g"(Z) Pr(A; = 1) — A Pr(A;=1)

e h* defined as in Shi et al. [2021]

@ g* is a treatment confounding bridge function that captures the
weight for treatment assignment:

PI‘(At =1 | Ut)

Ela"(Z0) [ Ue A =01 = 5 2 =500

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Gaps between iid setting and panel data setting

@ Data are not iid.

e A; = 1(t > Tp) is not random, so Pr(A; = 1) and their definition of
g* are not meaningful.

| will use t_ (t;) to denote a general pre-(post-)treatment time

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Our solution

We need some assumptions similar to iid

o (Y:(0), W;) | Uy is identically distributed for all t (implied by linear
latent factor model).

o Uy, is identically distributed for all t.2

2Can be relaxed

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Our solution

We need some assumptions similar to iid
o (Y:(0), W;) | Uy is identically distributed for all t (implied by linear

latent factor model).

o Uy, is identically distributed for all t.2

We need to define g* while avoiding introducing A; as a random variable:

@ Assume that there exists g* that captures a likelihood ratio:

dPy,,

Elg"(Z: )| Ur =1 = 35

(u).

2Can be relaxed

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Novel identification results

Theorem (Weighting identification)

¢"(ty) =E[Ve, — ¢"(Ze) Ye_]

and q* satisfies

d
Elg*(Ze ) | We. = w] = (w).

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Novel identification results

Theorem (Doubly robust identification)

¢*(t+) = E[Yy, — q(Ze_ H{Yeo — h(W: )} — h(We,)]

ifh=h*orq=q".

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023 18 /41



Novel identification results

Theorem (Doubly robust identification)

¢*(t+) = E[Yy, — q(Ze_ H{Yeo — h(W: )} — h(We,)]

ifh=h*orq=q".

Only need to correctly specify one of h* and g*.

Doubly robust estimation and inference based on generalized method of
moments (GMM).

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023
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Methods compared:
@ OLS + Proximal synthetic control methods based on h* only, g* only,
and both h* and g*

o Consider cases where
e both h* and g* are correctly specified

e h* or g* is misspecified

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023
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Simulation: Cl coverage
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Brazil hospitalization data analysis

@ Monthly hospitalization data due to 26 groups of causes from
2003-2013

@ Removed data in two years 2010-2012 to allow PCV10 to take effect

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Brazil hospitalization data analysis

@ Monthly hospitalization data due to 26 groups of causes from
2003-2013

@ Removed data in two years 2010-2012 to allow PCV10 to take effect

@ Based on Bruhn et al. [2017] and medical knowledge, we choose the
following causes as donors W
1. bronchitis, bronchiolitis and unspecified acute lower respiratory infection
2. endocrine, nutritional, metabolic disorders
3. malnutrition

@ Linear model for h*

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Brazil hospitalization data analysis

@ Log-linear model for g*:

To restrict model complexity, only a subset of non-donor control
causes are included in the model for g* (chosen based on known
relationships with pneumonia):

1. certain infectious and parasitic diseases, except intestinal

2. item 1 + diseases of blood and blood-forming organs and certain

disorders involving the immune mechanism
3. items 1 & 2 + premature delivery and low birth weight

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Brazil hospitalization data analysis

@ Log-linear model for g*:

To restrict model complexity, only a subset of non-donor control
causes are included in the model for g* (chosen based on known
relationships with pneumonia):

1. certain infectious and parasitic diseases, except intestinal

2. item 1 + diseases of blood and blood-forming organs and certain

disorders involving the immune mechanism
3. items 1 & 2 + premature delivery and low birth weight

@ The first cause to capture effect of general infection; the last two
causes to capture effect of immune system issues

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Brazil hospitalization data analysis

@ Log-linear model for g*:
To restrict model complexity, only a subset of non-donor control
causes are included in the model for g* (chosen based on known
relationships with pneumonia):

1. certain infectious and parasitic diseases, except intestinal

2. item 1 + diseases of blood and blood-forming organs and certain
disorders involving the immune mechanism

3. items 1 & 2 + premature delivery and low birth weight

@ The first cause to capture effect of general infection; the last two
causes to capture effect of immune system issues

@ Scaled outcomes due to each groups of causes to lie in [0, 1] before
analysis, to make their scales comparable and thus the constraint of
Abadie's SC more plausible

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Brazil hospitalization data analysis

Point estimate (95% confidence interval)

Method | PCV10 (Jan 2010) | placebo (Jan 2009)
Abadie’s SC 409 3092

OLS -3533 (-4137, -2930) | 253 (-287, 794)
DR -2745 (-3559, -1931) | 1192 (501, 1884)
DR2 -3527 (-4663, -2392) | 317 (-407, 1042)
DR3 -3548 (-6036, -1061) | 260 (-246, 767)

)
Outcome bridge -3646 (-4693, -2598) | 565 (-224, 1355)
Treatment bridge | -3989 (-4373,-3605) | -532 (-1638, 574)
Treatment bridge2 | -3814 (-4941, -2688) | -205 (-1542, 1133)
Treatment bridge3 | -3895 (-6401, -1388) 97 (-502, 695)

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Brazil hospitalization data analysis

Trajectories before/after introduction of PCV10:

method: Abadie's SC method: DR method: DR2
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Discussion

e Ben-Michael et al. [2021] also used the idea of using multiple ways to
impute Y:(0), but no formal double robustness result

@ Arkhangelsky et al. [2021] used similar ideas in difference-in-difference
settings for linear models

@ Using ideas from proximal causal inference, we have developed
methods to estimate ATT with synthetic controls that we formally
show is doubly robust.

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Collaborators

Wang Miao

Edgar Dobriban Eric Tchetgen Tchetgen

arXiv preprint: https://arxiv.org/abs/2210.02014

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023


https://arxiv.org/abs/2210.02014

Thank you for listening!
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Doubly robust estimation with GMM

Parametric models h, for h*, qz for g*, and ¢,(t) for ¢*(t)

a, B, A are model parameters to be estimated

Arbitrary user-specified functions g; and gq4

e Dimensions of gn(z) and g4(w) are higher than a and f3, resp.

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Doubly robust estimation with GMM

Define moment function

1(t < To) {[Y: — ha(W)lgn(Z:)}
L(t > To) {¥ — gq(We)}
G 0 1(t < To) {qs(Zt)gq(Wr) — ¥}
1(t > To) {oa(t) — [Ye — ha(We)] + 24—}
1(t < To) {v— — qp(Ze)(Yr — ha(Wr))}

Equation for estimating h*
Equations for estimating g*
Equations for estimating ¢*(t)

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Doubly robust estimation with GMM

Why define G; this way?
@ A key condition of GMM is that E[G;(6*)] = 0 for truth 6* and all t

E[[Ye. — h"(We_)lgn(Z:_)] =0
E[gq(We, )] = v* = E[q"(Z:_)gq(W:_)]
—¢"(ty) + E[Ye, — h*(We,)] =9~ = E[q"(Ze_)(Ye. — h"(We))]

@ We split one equation involving expectation in pre- and
post-treatment time periods into separate equations so that
E[G:(0*)] = 0 for all t

@ The condition of centered moment is especially important to obtain a

correct standard error

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Doubly robust estimation with GMM

GMM estimator:
1 & ! 1<
argmin {ZGt(H)} QT{ZGt(H)}
6 T t=1 T t=1

Q7 user-specified symmetric positive definite matrix (e.g., identity)

Under conditions, the GMM estimator is root-n consistent for the ATT
and asymptotically normal as T — oo, if h* or g* is correctly specified.

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023



Motivation of synthetic controls: causal inference with

panel data
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Kansas data analysis

Quarterly data of 50 U.S. sates from 1990-2016 (105 quarters)
Remove time trend: fit a quadratic curve of time to control states’
outcomes and take residuals for all states

Time trend removal is important to make covariate shift assumption
plausible

Choice of donors W: we run Abadie’s original synthetic control
method and choose states with large weights: North Dakota, South
Carolina, Texas, Washington

@ Linear model for h*

Log-linear model for g*: to restrict model complexity, only a subset of
non-donor control states are included in the model for g* (chosen
based on similarity to Kansas):

1. lowa

2. lowa, South Dakota

3. lowa, South Dakota, Oklahoma

Hongxiang Qiu et al (Statistics, UPenn) DR Proximal SC ACIC, May 2023 37 /41



Kansas data analysis

Point estimate (95% confidence interval)

Method ‘ tax cut (Q1 2012) ‘ placebo (Q1 2008)
Abadie’s SC -0.048 0.029

OLS -0.069 (-0.087, -0.050) | 0.026 (2.6 x 107, 0.052)
DR -0.077 (-0.126, -0.028) |  0.004 (-0.068, 0.077)
DR2 -0.095 (-0.147, -0.043) | -0.005 (-0.039, 0.030)
DR3 -0.103 (-0.228, -0.021) | -0.007 (-0.059, 0.046)

Outcome bridge
Treatment bridge
Treatment bridge2
Treatment bridge3

-0.104 (-0.150, -0.058)
-0.031 (-0.087, 0.024)
-0.017 (-0.032, -0.002)
-0.016 (-0.029, -0.003)

0.012 (-0.069, 0.093)
-0.028 (-0.063, 0.008)
-0.042 (-0.056, -0.0027)
-0.048 (-0.097, 0.001)

Hongxiang Qiu et al (Statistics, UPenn)

DR Proximal SC

ACIC, May 2023



Kansas data analysis

Trajectories before/after tax cut:

method: Abadie's SC method: DR method: DR2
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Kansas data analysis

Trajectories before/after placebo:

method: Abadie's SC method: DR method: DR2
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Discussion

Relaxing stationarity:

@ We can drop stationarity assumption on U, and consider an ATT
averaged over post-treatment time periods: ZtT+=To+1 o*(ty)l(ty)
for given importance time weight ¢(t)

e Similar GMM estimator, but conservative standard error (because of
non-centered moment equation at every t)

Covariates:

@ Our methods can incorporate covariates into h* and g* models,
similarly to proximal causal inference in iid setting

@ Alternatively, they can be included in proxies W or Z.
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